We use the determinant of the normalized Hessenberg matrix which is a determinant of deformed Pascal triangle to count Dyck paths. A simple combinatorial proofs of determinantal representations of Catalan numbers and the recurrence formula of Catalan number are presented.
Introduction
The so-called Pascal matrix P = i j i,j≥0
is an infinite matrix defined by
for j ≤ i and p ij = 0 for j > i. Gessel [1] give a combinatorial interpretation for any minor of Pascal matrix P , that involves configurations of nonintersecting paths, and is related to Young tableaux and hook length formulae. In this paper, we deform Pascal matrix to a Hessenberg matrix A which is another deformed Pascal's triangle matrix as this, 
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For convenience, let us denote the nth leading principal minor of order n of matrix A by A n , namely,
Catalan number is an ubiquitous sequence of numbers in mathematics. In recent book Stanley [2] presents 214 different kinds of objects that are counted using Catalan numbers. In this paper, we will use the method of the enumeration of the Dyck paths by a determinant, give a simple proof of the following two theorems.
Theorem 1 [8] For a positive integer n, let C n denote the nth Catalan number. Then
With the initial condition, C 1 = 1, and positive integer n > 1. For Catalan number C n , there has a recurrence formula,
This recurrence formula was firstly given by Ming Antu, who was Mongolian astronomer, mathematician, and topographic scientist Ming Antu (full name Sharabiin Myangat) (c. 1692-c. 1763), worked at the Qing court in China [2] [3].
Tomislav Došlić [8] uses counting perfect matchings in a suitably chosen class of graphs, but as he said that the method comes from a narrow area. For this reason we give another combinatorial proof.
The Hessenberg determinant and the enumeration method of Dyck paths
An upper Hessenberg matrix H n = (h ij ), i, j = 1, 2, · · · , n, is a special kind of square matrix, such that h i,j = 0 for i > j + 1. Ulrich Tamm [4] give the concept of the Hessenberg matrix in a normalized form, i.e. h i+1,i = 1 for i = 1, · · · , n − 1.
Using the method of Laplace expansion in terms of the last row, we recursively calculate the determinant of matrix H n as this,
There are a lot of relations between the determinant of Hessenberg matrix and many well-known number sequences (see [4] [5] [6] and references therein).
Lattice paths are omnipresent in enumerative combinatorics, since they can represent a plethora of different objects. Especially, Dyck paths are starting at (0, 0) and ending to (n, n) with E = (1, 0) step and N = (0, 1) step that never go above the line y = x and never go below x-axis. It is well-known that the number of Dyck paths equals to the nth Catalan number [2] .
It is to count paths in a region that is delimited by nonlinear upper and lower boundaries. Let a 1 ≤ a 2 ≤ · · · ≤ a n , and b 1 ≤ b 2 ≤ · · · ≤ b n be integers with a i ≥ b i . We abbreviate a = (a 1 , a 2 , ..., a n ) and b = (b 1 , b 2 , ..., b n ). Let L(0, b 1 ) → (n, a n ) denote the set of all lattice paths from (0, b 1 ) to (n, a n ) satisfying the property that for all i = 1, 2, ..., n the height of the ith horizontal step is in the interval [b i , a i ]. Theorem 10.7.1 in [7] gives a formula for counting these paths, we restate it as follows.
Theorem 3 [7] Let a = (a 1 , a 2 , ..., a n ) and b = (b 1 , b 2 , ..., b n ) be integer sequences with a 1 ≤ a 2 ≤ · · · ≤ a n , b 1 ≤ b 2 ≤ · · · ≤ b n , and a i ≥ b i , i = 1, 2, ..., n. The number of all paths from (0, b 1 ) to (n, a n ) satisfying the property that for all i = 1, 2, ..., n the height of the ith horizontal step is between b i and a i is given by |L((0, b 1 ) → (n, a n ) : b ≤ y ≤ a)| = det 1≤i,j≤n
